Abstract
where f int is the flexibility of the linear-elastic element interior and f I and f J are the flexibilities of the 143 springs at ends I and J, respectively.
144
The correct linear-elastic solution for the entire element is only obtained if the end rotational springs 145 are approximated as rigid-plastic. Thus, linear elastic cross-section stiffness of the springs at both ends 146 are affected by a constant n (typically greater than 1000) such that the initial stiffness of the springs is 147 large, but not so large as to pose numerical instability, as shown in Appendix I. Since the elastic stiffness 148 of the member is related to the elastic stiffness of the rotational springs and the beam-column element,
149
as:
152 which translates to spring initial stiffness given by:
154
Following the methodology in Ibarra and Krawinkler (2005) , the ratio of post-yield to elastic stiffness 155 of the spring, α ′ (ratio of the tangent stiffness, k T m , to the linear elastic stiffness, k m ) is given by:
157
where α is the nominal post-yielding to elastic stiffness ratio and α ′ is assigned to the end springs in 158 the CPH model to reproduce the correct moment-rotation behavior of the member. The ratio α ′ is thus 159 defined such that the correct nonlinear moment-rotation stiffness of the member, defined as α × 6EI/L, 160 is recovered.
161
Finite-length plastic hinge elements 162 The FLPH element developed by Scott and Fenves (2006) is based on the force-based beam-column 163 finite element formulation by Spacone et al. (1996) and uses alternative numerical integration schemes 164 to account for user-defined plastic hinge lengths. The force-based beam-column finite element is for-165 mulated assuming small displacements in a simply-supported basic system free of rigid-body displace-166 ments. Figure 2 illustrates the basic system in which the vector of element-end forces, q, the vector of 167 element deformations, v, the internal section forces, s(x), and section deformations, e(x), are shown for 168 a two-dimensional element. Section forces correspond to the axial force and bending moments, while 169 the section deformations correspond to axial strain and curvature. 
179
The element flexibility matrix is obtained through linearization of the element deformations v with 180 respect to basic forces q and is given by:
where f S is the section flexibility, equal to the inverse of the section stiffness f S = k 
186
(1997) and are not reproduced here for brevity.
187
Numerical evaluation of Equation 6 is given by:
where N P is the number of integration points over the element length, and ξ i and w i are the associated
The main issue related to use of this formulation is the localization of strain and displacement re- and a linear segment connecting both hinges (see Figure 3 (a)). Thus, Equation 6 simplifies to:
199
Various approaches were proposed by Scott and Fenves (2006) and Addessi and Ciampi (2007) to 200 evaluate this integral numerically; however, the focus herein is the Modified Gauss-Radau integration 201 scheme which retains the correct linear elastic solution while using the specified plastic hinge lengths as 202 the integration weights at the element ends.
203
In this method both end sections are assigned a nonlinear behavior, whereas the element interior is 204 typically assumed to have an elastic behavior, although this assumption is not necessary. The flexibility
205
of the FLPH element can be computed as:
where L int is the length of the linear-elastic element interior.
208
Using the modified Gauss-Radau integration scheme for the plastic hinge regions, Equation 11 can 209 be rewritten as: by:
where:
222
The corresponding weights w i are given by:
224
226
In this case, the element flexibility is then given by:
where this equation is consistent with points and weights shown in Figure 3 (a). 3. Allow the definition of arbitrary plastic hinge lengths by the analyst.
229

CALIBRATION OF FORCE-BASED FINITE-LENGTH PLASTIC HINGE ELEMENTS
248
The presented calibration procedure is performed at the element level through the introduction of 249 section flexural stiffness modification parameters at internal sections of the beam-column element mak-
250
ing it possible to scale a moment-rotation relation in order to obtain moment-curvature relations for the 251 plastic hinge regions. Defining the moment-rotation stiffness of the plastic hinge regions as:
253
and making use of a user-defined plastic hinge length at either end of the element (L pI and L pJ for ends 254 I and J, respectively), the moment-curvature relations can be defined as:
256
As highlighted by Scott and Ryan (2013) , the moment-rotation and moment-curvature relations are iden- 
264
The β modification parameters are quantified such that the element flexibility matrix is: (i) within the system of equations, the three elastic stiffness modification parameters, β 1 , β 2 , and β 3 , can be computed 282 as a function of L pI , L pJ , L and n, which is the elastic stiffness modification parameter of the CPH model.
283
The code for solving the system of equations, which is implemented in the wxMaxima software (Souza 284 et al. 2003) and is presented in the Appendix II. When n tends to infinity, β 1 , β 2 and β 3 are given by:
287
If both plastic hinges have the same length, i.e. L p = L pI = L pJ , Equation 20 simplifies significantly 290 to:
It is worth noting that in Equation 21 there are singularities in β 1 and
for L p /L = 3/16, which correspond to cases in which: (i) the length of the elastic element interior, L int , 295 is equal to zero and (ii) the two internal integration points ξ 2 and ξ 5 shown in Figure 3 (b) are co-located.
296
In Figure procedure is valid when
The proposed calibration procedure is illustrated in Figure 5 for the specific case of a nonlinear static
301
(pushover) analysis. The pushover analysis is conducted by controlling a j th degree of freedom (DOF).
302
Furthermore, the displacement U f and pseudo-time λ are initialized to zero, and the displacement in-303 crement dU f for the control DOF and the reference load pattern P re f are also initialized. The stiffness 304 matrix K f is computed in the form stiffness matrix procedure (see Figure 6 ) at the beginning of each 305 analysis step and each NR iteration. In this procedure, the parameters α 1 and α 2 are calculated based 
322
The Newton-Raphson (NR) algorithm is one of the most widely used and is a robust method for solving 323 nonlinear algebraic equations of equilibrium. In this figure ( Figure 5 ) the flowchart for the calibration 324 procedure is exemplified using the NR algorithm.
325
The proposed methodology was applied to a set of simply supported beams subjected to end moments 327 and considering different plastic hinge lengths, as well as a simple steel frame structure. A simply supported beam is analyzed considering equal moments and rotations applied at both ends. 
359
Figure 9(a) shows the errors associated with the different models and different plastic hinge lengths.
360
The errors are defined as the ratio between the computed slopes of the elastic, hardening, and softening perfect agreement is found between CPH and FLPH M models. Figure 9( anti-symmetric bending.
384
Frame structure
385
A single-bay three-story frame with uniform stiffness and strength over its height (see Figure 10) 
403
CONCLUSIONS
404
The present work proposes a calibration procedure that allows the use of finite-length plastic hinge at the section and element levels. The use of scaled but uncalibrated moment-curvature relationships in 
425
ELASTIC STIFFNESS AMPLIFICATION FACTOR
510
In CPH models, the elastic stiffness amplification factor (n) should be chosen carefully as an exces-511 sively large value would pose numerical problems, while a value that is not sufficiently large will lead to 512 erroneous results in the elastic range. In this Appendix, elastic stiffness errors associated with values of 513 n < 1000 are computed.
514
Considering that each member can be represented by two end rotational springs and an elastic frame 515 element in series, the flexibilities of the springs and the frame element in a CPH element are additive.
516
Using the tangent stiffnesses, k T I and k T J , of each rotational spring, the member flexibility is:
To recover the correct linear-elastic solution for the entire CPH model, the end rotational springs 519 need to be approximated as rigid-plastic with an initial stiffness that is large, but not so large to pose 520 numerical instability. This is akin to the selection of large penalty values when enforcing multi-point Figure 12 versus the elastic stiffness amplification 523 factor, which scales the characteristic element stiffness EI/L (k I = n × EI/L).
524
As shown in Figure 12 , the ratio between the elastic stiffness recovered using different n values for 525 the CPH model and the target elastic stiffness (L/3EI) varies from 1.30 (30% error) for n = 10 to 1.003
526
(0.3% error) for n = 1000. Thus, to recover the elastic solution with negligible errors, it is suggested that 527 a value of n = 1000 be used.
528
Although the suggested value of n ≥ 1000 allows for recovery of the elastic stiffness, several au- .
537
The following code was implemented in the wxMaxima software (Souza et al. 2003) .
538
• Unknowns • Plastic hinges integration points
551
• Interior region 552
555
• Computation of the target flexibility matrix using a CPH model (flexural terms only)
556
• CPH model parameters
557
EI mod : EI × (n + 1)/n; 
(a) Modified Gauss-Radau Integration
Linear Elastic 
